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Background
• Introduction of distributed optimization:

We want to solve:

min
x

n∑
i=1

fi(x)

which is equivalent to:

min
x

n∑
i=1

fi(xi)

s.t. xi = xj, ∀i, j ∈ N

– Divide large problem into small problems.
– Intergrate dispersive computing resources.
– Fitting distributed data structure.

• Distributed algorithms:

– Locally decent steps for reducing function values.
– Neighboringly communication steos for reaching concensus.

We should consider both computation and communication cost!.

Main contributions
• Firstly introduce cubic regularized quasi-Newton method into dis-

tributed optimization.

• Use closed-form approximately solver of cubic subproblem to effi-
ciently reduce computing time.

We need faster algorithms in communcation-expensive environment!

Why We Need Second Order Algrorithms?
• Drawbacks of first-order methods:

– Relatively slow convergence leading to high communication
cost.

– Poor behavior in handling ill-conditioned problems.

We need faster algorithms in communcation-expensive environment!

Challenges in Developing Practical Second-Order-Algorithms
• Difficulties in implement second-order methods in distributed setting:

– Computing and storing of Hessians.
– Communication of second-order information.

• Inherent shortcomings of second-order methods:

– Starting slowly and rely on initial values.
– Sensitive to hyperparameters.
– Not suitable for handling non-convex problems.

* Hessians may not be positive definite.

* May be trapped in saddle points.

Tool 1: Cubic Regularization
• Cubic regularization minimize a cubic surrogate function every up-

date:
mk(s) = f(xk) +∇f(xk)

T s+
1

2
sTBks+

σk

3
∥s∥3,

xk+1 = xk + s.

• Advantages:

– Global convergent under very mild assumptions.
– Free of line-search routines and robust to initials.
– Favorable first-order worst-case iteration complexity bound of
O(ϵ−3/2).

Tool 2: Quasi-Newton Update
• Quasi-Newton update reduce the cost of computing and storing Hes-

sian.

• In distributed setting, quasi-Newton update allows to communicate
second-order information through vectors rather than matrices.

Tool 3: Close-Form Approximate Solver
• From the similarity of the updating form of Levenberg-Marquardt (LM)

method and cubic regularization:

xk+1 = xk −
(
∇2f(xk) + λkI

)−1 ∇f(xk).

xk+1 = xk −
(
∇2f(xk) +H∥xk+1 − xk∥I

)−1 ∇f(xk).

• We choose:
λk =

√
H∥∇f(xk)∥.

Complete Algorithm: LC3RQN
• Updates of local variable:

xi(t+ 1) =
∑
j∈ni

wijSolve(xi(t), vi(t), Hi(t), qi(t));

• Gradient tracking:

vi(t+ 1) =
∑
j∈ni

wij (vj(t) +∇fj(xj(t+ 1))−∇fj(xj(t))) ;

• Quasi-Newton update for Hessian approximation:

Hi(t+ 1) = Hi(t) +
si(t)si(t)

T

si(t)Tyi(t)
− Hi(t)yi(t)yi(t)

THi(t)

yi(t)THi(t)yi(t)
;

• Lipschitz constant estimation:

qi(t) =
∥vi(t)− vi(t− 1)−Hi(t− 1)(xi(t)− xi(t− 1))∥

∥xi(t)− xi(t− 1)∥2
;

• The Solve function is:

Solve(xi(t), vi(t), Hi(t), qi(t)) = xi(t)− (Hi(t) + λi(t)I)
−1vi(t);

where λk =
√
qi(t)∥vi(t)∥, and qi(t) = max

{
qi(t),

qi(t−1)
2

}
.

Numerical Results
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