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Abstract

Derivative-free optimization [1] problems, where objective func-
tion derivatives are unavailable, can be addressed using local
quadratic models within a trust-region algorithm [5]. We propose
a model updating approach when high accuracy is demanded,
such as when the trust-region radius vanishes. Our approach
uses the barycenter of a particular coefficient region and is shown
to be advantageous in numerical results.

Introduction and Algorithm

Model-based trust-region methods iteratively select a new point
for evaluation by minimizing a local model of the objective. Typi-
cal model forms include interpolation polynomials (e.g., linear in-
terpolation, quadratic interpolation, under-determined quadratic
interpolation [2, 3]), regression polynomials, and radial basis
function interpolation [4].
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Unconstrained derivative-free optimization problem
min
x∈ℜn

f (x) (1)

Model-based derivative-free trust-region algorithms
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Figure 1:Demo of model-based trust-region algorithms
• Interpolation model

Use a (quadratic) model Qk to interpolate f on Xk

• Trust-region iteration
Calculate
xk+1 ∈ {arg min

x
Qk(x), subject to ∥x − xk∥2 ≤ ∆k}

• Model updating
In the k-th iteration we update the quadratic model via

Qk := Qk−1 + Qupdate

Preliminary

Definition. Let u be a function over Ω ⊆ ℜn. If u is twice
differentiable on Ω and ∂αu

∂xα ∈ L2(Ω) for any |α| ≤ 2. We define

|u|H0(Ω) =
(∫

Ω
|u(x)|2dx

)1
2
,

|u|H1(Ω) =
(∫

Ω
∥∇u(x)∥2

2dx
)1

2
,

|u|H2(Ω) =
(∫

Ω
∥∇2u(x)∥2

Fdx
)1

2
,

and the H2 norm of the function u via

∥u∥H2(Ω) =
(
|u|2H0(Ω) + |u|2H1(Ω) + |u|2H2(Ω)

)1
2 .

The Least Weighted H2 Norm Updating
Quadratic Model

Least weighted H2 norm updating quadratic model
Qupdate [5] is obtained by solving

min
Q∈Q

2∑
i=0

Ci+1 |Q − Qk−1|2H i(Ω)

subject to Q(y) = f (y), y ∈ Xk,

(2)

where C1, C2, C3 ≥ 0 are weight coefficients satisfying C1 + C2 +
C3 ̸= 0 and Xk is the interpolation set at the k-th iteration.
The solution of (2) can be obtained by solving a linear system
according to the Karush–Kuhn–Tucker conditions, i.e.,

KKT matrix: W ·

λ1
...

λm

c
g

=

f (y1)
...

f (ym)
0n+1

and then obtain the model based on (λ1, . . . , λm, c, g⊤)⊤.

Key Theoretical Results

Theorem. For two KKT matrices W and W , ∥W − W ∗∥2
F

is a function of C1, C2, C∗
1 , C∗

2 , n, r, and in details, it holds that
∥W − W ∗∥2

F :=D(C1, C2, C∗
1 , C∗

2 , n, r)
=R1(y1, . . . , ym)P1(C1, C2, C∗

1 , C∗
2 , n, r)

+ R2(y1, . . . , ym)P2(C1, C2, C∗
1 , C∗

2 , n, r)
+ R3(y1, . . . , ym)P3(C1, C2, C∗

1 , C∗
2 , n, r)

+ P4(C1, C2, C∗
1 , C∗

2 , n, r),
(3)

where C1, C2 and C∗
1 , C∗

2 are the corresponding weight coef-
ficients of W and W ∗ respectively, and r is the radius of
Ω := Br

2(x0). The terms

R1(y1, . . . , ym) =
m∑

i=1

m∑
j=1

(
(yi − x0)⊤

(
yj − x0

))4
,

R2(y1, . . . , ym) =
m∑

i=1

m∑
j=1

∥yi − x0∥4
2

∥∥∥yj − x0
∥∥∥4

2
,

R3(y1, . . . , ym) =
m∑

i=1
∥yi − x0∥4

2

only depend on the given interpolation points y1, . . . , ym, given
a base point x0 at the current iteration, and P1, P2, P3 are func-
tions of C1, C2, C∗

1 , C∗
2 , n, r.

Theorem. If R1(y1, . . . , ym) → 0, then C1 = 1−ε
3 , C2 = 1−ε

3
is the couple of weight coefficients providing the central KKT
matrix, where ε is the lower bound of C3.
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Figure 2:Coefficient region C

Numerical Results

Example of the barycenter

Table 1:Error(1)
ave and Error(2)

ave for sampled coefficients, ε = 0.01, n = 100

(C1, C2) (1−ε
3 , 1−ε

3 ) (1
2 − ε, 1

2) (0, 1
2) (1 − ε, 0) (0, 1 − ε) (0, 0)

Error(1)
ave 5.663 8.655 8.988 18.3 49.66 16.99

Error(2)
ave 2.467 136.2 2.611 136.2 136.2 2.795

Table 1 numerically supports that (1−ε
3 , 1−ε

3 ) has the smallest
Errorave among the six pairs of weight coefficients.

Comparison for solving an example
We apply derivative-free algorithms based on a least weighted H2

norm updating quadratic model with different weight coefficients
to minimize the 2-dimensional Rosenbrock function

f (y) = (1 − y1)2 + 100(y2 − y2
1)2, (4)

which is a smooth nonconvex function. The minimizer of (4) is
ymin = (1.04, 1.1)⊤ and lies on a narrow, curved valley.

Table 2:Different scaled (semi-)norms with corresponding coefficients

Weight coeffients Corresponding scaled (semi-)norms Norm No.
C1 = 1

3 C2 = 1
3 C3 = 1

3 H2 norm (a)
C1 = 1

2 C2 = 1
2 C3 = 0 H1 norm (b)

C1 = 0 C2 = 1
2 C3 = 1

2 H1 semi-norm + H2 semi-norm (c)
C1 = 1 C2 = 0 C3 = 0 H0 norm (L2 norm) (d)
C1 = 0 C2 = 1 C3 = 0 H1 semi-norm (e)
C1 = 0 C2 = 0 C3 = 1 H2 semi-norm (Frobenius norm of Hessian) (f)

Table 3:Rosenbrock approximate solutions found after 16 evaluations

Norm No. Function value Solution
(a) 0.0031 (1.0495, 1.1040)⊤

(b) 0.0169 (1.0427, 1.0996)⊤

(c) 0.0203 (1.0418, 1.0990)⊤

(d) 0.0078 (1.0455, 1.1008)⊤

(e) 0.0169 (1.0427, 1.0996)⊤

(f) 0.0147 (1.0426, 1.0984)⊤
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Figure 3:Minimizing the Rosenbrock function with different models

Performance profiles on a larger test set

Table 4:60 nonlinear, nonconvex test problems

ARGLINA ARGLINA4 ARGLINB ARGLINC ARGTRIG ARWHEAD
BDQRTIC BDQRTICP BDVALUE BROWNAL BROYDN3D BROYDN7D
BRYBND CHAINWOO CHNROSNB CHPOWELLB CHROSEN CRAGGLVY
CUBE DQRTIC EDENSCH ENGVAL1 ERRINROS EXPSUM
EXTROSNB EXTTET FIROSE FLETCBV2 FLETCBV3 FLETCHCR
FREUROTH GENBROWN GENROSE INDEF INTEGREQ LIARWHD
LILIFUN3 LILIFUN4 MOREBV MOREBVL NONDIA PENALTY1
PENALTY2 PENALTY3 PENALTY3P ROSENBROCK SBRYBND SBRYBNDL
SEROSE SINQUAD SROSENBR STMOD TOINTTRIG TQUARTIC
TRIGSABS TRIGSSQS TRIROSE1 TRIROSE2 VARDIM WOODS
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Figure 4:Solving test problems in Table 4 with different models. Higher and
to the left indicates better performance in a performance profile.

Conclusion and Next Steps

This poster proposes ways to define quadratic models using dif-
ferent weight coefficients in a weighted H2 norm updating inter-
polation quadratic models. We evaluate how the choice of co-
efficients affects the performance of derivative-free trust-region
algorithms. We find that the barycenter of the weight coefficient
region C performs especially well. In ongoing work, we evaluate
additional properties of these models and their use in optimiza-
tion algorithms, with a goal of delivering robust performance
across a wide range of computational budgets.
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